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Supplementary Information Section S1. Detailed fabrication flow
(1) Wafer preparation.
Sapphire Wafer, C-plane (0001) Sonication in DI water at room temperature for 1 min; Acetone, Methanol, Isopropanol rinse, DI water rinse, N 2 drying.
(2) Sacrificial layer deposition. 100 nm Ge is deposited by CHA E-beam Evaporation. Prebake clean with Acetone, Methanol;
End bake for 5 mins at 125 °C Lateral dry etching by Xactix XeF 2 Etching System, 3 T pressure, 60 sec cycles (to completion) Section S2. The "round corner" design of Cu strip Because the stress of each layer is distributed uniformly across the layer, at the corners of the rectangular film, the effective stress (δ eff ) is the sum of the stresses along the two right-angled edges (δ 1 and δ 2 ). Therefore, when the sacrificial layer begins to be etched, the film on the two corners will start to curl and be guided by the effective stress vector as indicated in fig. S1 (a).
The etching front 1 and 2 will finally come across at the interlock point, and, at this moment, either one of two states could be established depending on the competition between the strain energy (E s1 ) stored in the rolled-up part and the strain energy could be released at the interlock point (E s2 ). If E s1 > E s2 , one end of the rolling of the membrane will be locked at the interlock point leading to the failure of the fabrication. On the other hand, if E s1 < E s2 , the detoured initial rolling of the membrane can be forced along the long side of the membrane leading to a high chance of successful fabrication. Practically, when the inner diameter is fixed, we have to avoid making the strip too wide to trigger the case E s1 > E s2 . An effective way to ensure high fabrication yield and, at the same time allowing to use wide strip, is to design round corners as shown in fig. S1 (b). In this case, the stress (δ 2 ) is along the tangential direction of the rounded corner, which results in an effective stress with direction nearly parallel to the long side of the membrane. Therefore, the rolling will be guided in desired track until a full turn is obtain for stabilizing the rolling. (2) Prepare a 28 g, 67 mm, MicroFil micropipette (plastic + fused silica) and attach it into a micromanipulator for directional control as shown in fig. S2 (c) and S2(d).
(3) Draw ferrofluid into the micropipette from the dish by capillary action.
(4) Lower the micropipette tip under the microscope until it touches surface near the tube.
Ferrofluid liquid is drawn into the tube by capillary action as shown in fig. S2 (e).
(5) Manufacturer datasheet for Ferrotech EMG 900 ferrofluid can be found at the website address: https://ferrofluid.ferrotec.com/products/ferrofluid-emg/oil/emg-900/. 
Section S4. Detailed mechanical FEM for inner diameter estimation
The most significant geometrical parameter that determines the final size of the device is the diameter of the innermost tube. For strong magnetic induction in a coil with D.C. input current, it is crucial to precisely control the inner diameter because the intensity of the magnetic induction is very sensitive to the geometry, especially operating at high frequency. For the structure comprising more than two sublayers with the top strained layer patterned, it is impossible to determine the inner diameter of the rolled-up structure by a conventional method (especially analytical methods). Instead, a transient quasi-static FEM modeling method for the rolling process of multilayer membrane structures that is given in Ref.
[30] is able to predict the rolledup dimension.
To simulate the rolled inner diameter of the S-RuM architecture, the top strained bilayer was held in place by a Ge sacrificial layer and then released. Therefore, a fixed boundary condition is applied to all nodes at the bottom of the LF SiN x thin film to simulate this effect. The proposed FEM method assumes that all materials are isotropic and linearly elastic. According to MindlinReissner shell theory, shell elements can be used to simulate multilayer structures with controlled precision. Depending on the design of the structure, different layer thicknesses and material properties can be assigned to the respective layers. For the S-RuM architecture, the Young's modulus E of the PECVD LF SiN x and HF SiN x thin films was set to 210 GPa. The Poisson's coefficient of the double layer was set to 0.28 according to the literature. For both LF SiN x and HF SiN x membrane, their residual stress is modeled by the coefficient of thermal expansion in the FEM. For temperature increments, all nodes in the simulation have the same setup value.
Different coefficients of thermal expansion were assigned to different layers for simulating compression and tensile stresses. The values of compression and tensile stress were measured by the FSM 500TC metrology tool. The exact value of the stress can be determined by applying an appropriate temperature increment. The thermal coefficient of LF SiN x is taken from the literature; its temperature increment is determined to be 1450 ° C to reach the measured value.
When the temperature increment is fixed at 1450 ° C, the thermal coefficients of other materials can be determined to achieve their respective measured residual stresses. Table S1 summarizes all the material properties used in the simulation for Fig. 2(a) . 
Section S5. Electrothermal modeling of S-RuM architecture
To predict the heating in the S-RuM architecture upon applied bias, we use a commercial software package (COMSOL) to set up a 3-D finite element method (FEM) model of the entire structure. A typical setup in shown in Fig. 3a , with the sapphire substrate, copper contact pads, and the S-RuM architecture. The inner radius of the rolled coil is 140 μm. The copper layers are 180 nm thick with 12 turns, and the dielectric layers, made of Si 3 N 4 (40 nm thick) and Al 2 O 3 (20 nm thick). The size of the sapphire substrate is 600×200×100 µm 3 , as seen in fig. S3 (a).
Although these dimensions are smaller than the size of the actual substrate, we chose these dimensions carefully to balance computational complexity while still ensuring that the heat transfer characteristics of the simulated structure remain the same.
In order to the perform the simulation, the bottom surface of the substrate is held at ambient temperature, while the remaining surfaces that are exposed to the ambient are assumed to convert (to the ambient) with a coefficient, h = 10 W/(m-K). The chosen electrical and thermal properties of the copper and the dielectric layers that serve as input to the COMSOL simulation are listed in fig. S3(b) ) by the temperature dependent resistance in a vacuum environment (few 10 -3 Torr) using low bias currents of ~200 μA to prevent self-heating effects. Finally, we assumed a constant thermal conductivity with temperature for both the copper and the dielectrics across temperature, as this variation is known to be minimal.
Because of the extreme aspect ratio of the rolled layers compared to the dimensions of the inductor, we optimized the mesh carefully before running any electro-thermal simulations. In particular, a swept mesh strategy was used for the rolls, while a regular mesh was sufficient for the substrate. The joule heating in the copper for the rolled inductor was simulated by applying a range of currents from 100 mA to 225 mA in fig. S3(c) , corresponding to the range of currents where we also performed IR imaging of the inductor and measured its electrical resistance. As an example, a temperature profile of the inductor for an applied current of 175 mA is illustrated in fig. S3(d) . The uppermost sections of the inductor (furthest from the substrate) are the hottest, with the temperature very uniform across the entire length. A comparison of these temperatures against the IR measurements is shown in fig. S3(e) . Finally, we also compare the measured resistance of the inductors against the estimated values from the COMSOL simulation, as shown in fig. S3 (f). Because of significant self-heating at these current values (100 to 225 mA), the resistance is reflective of the temperature profile within the inductor. The excellent match between the simulations and the measurements in fig. S3 (f) shows that the simulated temperature profiles are accurate, and may guide the thermal design of the rolled inductors under a wide range of biasing conditions along with input from IR measurements. Although ferromagnetic resonance (FMR) frequency in ferrofluid can be pushed to a much higher frequency compared to bulk counterparts, with the increase of frequency, FMR induced magnetic energy loss and relative permeability decrease must be considered in simulation.
Shown in fig. S5 , at low frequency, the crosstalk capacitance C c (introduced by electric potential difference between adjacent turns in S-RuM architecture under A.C. bias (19)) in the equivalent circuit of S-RuM architecture can be ignored, and the substrate parasitic capacitance C p can be ignored too due to the high resistivity of the sapphire substrate. Therefore, based on the measured data, the relative permeability of the ferrofluid (μ r, FL ) can be calculated by equation S1, and the magnetic energy loss due to FMR is then represented by resistance R FMR which can be calculated by equation S2. In the complete S-RuM architecture FEM model as shown in fig. S6 , μ r, FL v.s. frequency is used as data-based model for defining the material property of the ferrofluid core, and R FMR + R□ v.s.
frequency is also used as data-based model as impedance boundary condition applied to the Cu sheet. Figure 2 (f) up side shows the comparison between simulated and the measured S 11 of the S-RuM architecture in Fig. 2 (e) with/without the ferrofluid core. When simulating the intensity of the magnetic induction, the operating frequency is low enough to ignore the core loss, and temperature dependent ohmic loss of the Cu strips plays a major role. Therefore, the measured device resistance under a certain operating temperature (related to the input power/current) is used as the impedance boundary condition of the Cu sheet in the simulation. For exemplary structure shown in Fig. 2 (e) (also the batch 2 device):
By using the same setup for IR measurement, the electrical properties of the exemplary structure shown in Fig. 2(e) , such as the resistance under certain input power, can be found to calculate the intensity of the magnetic induction inside the core. Figure S8 shows the temperature profile across the white dotted line of the S-RuM architecture under 325 mA input power. The maximum operating temperature of ~ 90 ºC was found, which is 40 ºC above the background 400 µm testing temperature of 50 ºC. The corresponding reading of the input power is 0.813 W and the D.C. resistance is 7.7 Ω. 
Section S9. HF measurement details of S-RuM power inductors
We considered the de-embing of any parasitic parameters such as contact resistance, and the parasitic inductance and capacitance from the testing fixture over the operating frequency band.
Two port S-parameters are measured by using the Agilent PNA8363C performance network analyzer with Cascade Microtech air coplanar ground-signal-ground probes in the frequency range from 10 MHz to 18 GHz. To do the RF measurements of the tube inductor, a test fixture is designed as shown in fig. S9 . Parasitic effects introduced by feedlines need to be removed to obtain the real performance of the device under test (DUT) . An open-through de-embedding technique is used here to calibrate the feedline effects. The lumped equivalent circuit model is constructed to represent the physics of the parasitic effects. As the RF measurement goes up to 18 GHz, the feedlines are designed as short as possible to minimize the distribution effect. Openthrough de-embedding patterns are shown in fig. S9 . As shown in fig. S9(a) , an admittance Π-network is used to model the capacitive effects between the contact pads and the surrounding environment, including the substrate and RF ground. A series connected impedance network is used to model the resistance and inductance of the feedlines. Figure S9 The mathematical procedure to do the open-through de-embedding is shown in fig. S10 . Figure   S10 (a) shows the first step, which abstracts the admittance Π-network (open pattern) from the original data. The result still contains the parasitic resistances and inductances (Z1 and Z2) whose total effect can be calculated by doing step 2 shown in fig. S10(b) . Finally, the real performance of the DUT can be obtained by doing step 3 shown in fig. S10(c) . (c). Subtract data obtained from step 2 from data of from step 1.
